THE PRESSURE METRIC ON THE MARGULIS 
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Abstract. This paper defines the pressure metric on the Moduli space 
of Margulis spacetimes without cusps and shows that it is positive defi¬ 
nite on the constant entropy sections. It also demonstrates an identity 
regarding the variation of the cross-ratios. 
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1. Introduction 

In |35) and [36] Margulis had shown that a non-abelian free group T with 
finitely many generators n can act freely and properly as affine transforma¬ 
tions on the affine three space A such that the linear part of the affine action 
is discrete. In such a case we call the resulting quotient manifold a Margulis 
spacetime. 

Margulis spacetimes have been studied extensively by Abels-Margulis- 
Soifer |2]|3], Charette-Drumm [l2|, Charette-Goldman-Jones [l3|, Choi- 
Goldman [Tl|, Danciger-Gueritaud-Kassel mm. Drumm |17j |18) , Drumm- 
Goldman mm. Fried-Goldman m. Goldman [23], Goldman-Labourie 
j24| . Goldman-Labourie-Margulis [23], Goldman-Margulis [26| . Kim m 

and Smilga mmm- 

In this paper we will only consider Margulis spacetimes which have no 
cusps, that is, the linear part of the affine action contains no parabolic 
elements. Here we mention that Margulis spacetimes with cusps were shown 
to exist by Drumm|18j. 

Moreover, in [21] Fried-Goldman showed that if F acts on A as affine 
transformations giving rise to a Margulis spacetime then a conjugate of 
the linear part of the action of F is a subgroup of $0*^(2,1) C GL(]R^). 
Therefore, we can think of Margulis spacetimes as conjugacy classes [p] of 
injective homomorphisms 

p:T —^ S0°(2,1) X R^. 

We denote the moduli space of Margulis spacetimes with no cusps by Ai. 
In [25] Goldman-Labourie-Margulis showed that Ai is an open subset of 
the representation variety Hom(F, S0^(2,1) k M^)/ ~ where the conjugacy 
is in S0®(2,1) k M^. Therefore Ai is an analytic manifold. Also we know 
from [22] that the homomorphisms giving rise to Margulis spacetimes are 
Anosov. 

In this paper, we will use the metric Anosov property from section 3 of |22j 
and the theory of thermodynamical formalism (as appeared in section 3 of 
|9|) developed by Bowen, Bowen-Ruelle, Parry-Pollicott, Pollicott and Ru- 
elle and others in m.m.m.m.m to define the entropy and intersection. 
Now using the fact that a representation giving rise to a Margulis spacetime 
is Anosov, we go on to show that the entropy and intersection vary analyti¬ 
cally over A4. Moreover, we define the pressure metric on AA and study its 
properties. In particular, we prove the following theorems: 

Theorem 1.0.1. Let Aik be a constant entropy section of the analytic man¬ 
ifold Ai with entropy k and let P be the pressure metric on Ai. Then 
{Aik, is an analytic Riemannian manifold. 

Theorem 1.0.2. The pressure metric P has signature (dim(A4) — 1,0) over 
the moduli space Ai. 

We call the constant entropy sections of the analytic manifold Ai as the 
Margulis multiverses. 

The study of pressure metric in the context of representation varieties 
was started by McMullen and Bridgeman-Taylor respectively in m. iin]. 
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McMullen formulated the Weil-Petersson metric on the Teichmiiller Space 
as a Pressure metric. The result was generalised to the quasi-Fuchsian case 
by Bridgeman-Taylor in [TO]. In |8] the pressure metric was further studied 
by Bridgeman in the context of the semisimple Lie group SL(2,C). Recent 
results by Bridgeman-Canary-Labourie-Sambarino in [9] extend it in the 
context of any semisimple Lie group. In this paper, we will study the case 
where the Lie group in question is S0°(2,1) k a non-semisimple Lie 
group. 

Moreover, in the process of proving theorem 1.0.1 and 1.0.2 we will also 


come up with a formula for the variation of the cross-ratios in section 4.3 


Acknowledgments: I would like to express my gratitude towards my 
advisor Prof. Francois Labourie for his guidance. I would like to thank Dr. 
Andres Sambarino for the many helpful discussions that we had. I would 
also like to thank the organisers of the Aarhus conference on pressure metric 
and DMS program at MSRI for giving me the opportunity to discuss with 
Prof. Martin Bridgemann, Prof. Richard Canary, Prof. Olivier Guichard, 
Prof. Mark Pollicott and Dr. Maria Beatrice Pozzetti. 


2. Background 

2.1. Hyperbolic geometry. Let (|)) be a Minkowski spacetime. The 

quadratic form which corresponds to the metric (|) is given by 

10 0 \ 

0 1 0 . 

0 0 - 1 / 

We denote the group of linear transformations preserving the metric (|) on 
by SO(2,l). Moreover, let SO'^(2,1) be the connected component of 
SO(2,1) which contains the identity element. 

Now let us consider the following spaces 

:= {u G M I (u, v) = k} 

where A; G M. We notice that has two components. Let us denote 
the component of which contains (0,0,1)* as H. The space H as a 
submanifold of (M^d^ j^as a constant negative curvature of —1 for the 
restriction of the metric (|). It is called the hyperboloid model of hyperbolic 
geometry. Let us denote the unit tangent bundle of El by UEI. Now we 
consider the map 

(2.1.2) 0:SO°(2,1)—^ UH 

(5(0,0,1)*,5(0,1,0)*). 

The group SO®(2,1) can be analytically identified with DEI via the map 0. 
Let be the geodesic flow on UEI = SO*’(2,1). We note that 
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Now we define the neutral section v as follows: 

(2.1.4) z/: SO°( 2 ,l) ^ 

5 ( 1 , 0 , 0 )*, 

The neutral section is invariant under the geodesic flow and moreover for 
all g,h G SO*^( 2 , 1 ) we have 

u{h.g) = h.u{g). 

Let clooH be the boundary at infinity of H. As the neutral section is 
invariant under the geodesic flow it gives rise to an analytic map, 

(2.1.5) i/: clooEI X 5ooEI \ A—> S^. 

For any hyperbolic element 7 G SO®(2,1) acting on BI and for any x G H we 
define 

7 ^ := lim 'j^x. 

n^zkoo 

We note that 7 ^ G (OooH is well defined as the limit is independent of the 
point X G El. We observe that 

( 2 . 1 . 6 ) 7 zy( 7 ", 7 +) = 1 /( 7 ", 7 +), 

that is, is an eigenvector of 7 with eigenvalue 1. Moreover for 

a, b, c, d in lOooEI with a ^ d and 6 / c let 

(2.1.7) b(a, b, c, d) := ^ (1 + {u{a, d) \ v{b, c))). 

Now we list a few identities satisfied by v and b: 

( 2 . 1 . 8 ) v{a,h) + v{b,a) = 

(2.1.9) {u{a,b) I v{a,c)) = 1, 

( 2 . 1 . 10 ) b(d, b, c, a)v{a, b) + b(a, b, c, d)n{a, c) = n{a, d), 

(2.1.11) b(a, b, c, d) = b( 6 , a, d, c) = b{d, c, b, a), 

( 2 . 1 . 12 ) b(a, b, c, d) + b{d, b, c, a) = 1 , 

(2.1.13) b(a, w, c, d)b(rc, b, c, d) = b(a, b, c, d), 

where a, b, c, d, w are pairwise distinct points in 9ooEI. We notice that b is 
the classical cross ratio. 

Let r C SO*^(2,1) be a non-abelian free group with finitely many genera¬ 
tors acting as a Schottky group on El. We denote the surface r\EI by S and 
the unit tangent bundle of S by US. We observe that 

r\UEi^ us. 

We note that the flow (p on UEI induces a flow cj) on US. Let Ao^F be the 
limit set of the group F. We recall that 

AooF = F.x \r.x C 9ooEI 

where x is any point in El and F.x C El U cIqoEI denote the closure of the 
space 

F.x := { 7 .x I 7 G F} C El. 

We also recall that as F is Schottky, the limit set AqoF is a cantor set. 
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Let us denote the space of all non-wandering points of the geodesic flow 
(p on US by UrecS and the lift of the space UrecS in UH by UrecEI- The space 
UrecS is compact. Furthermore, we note that 

UrecEI = ■I ix,v) £ UH I lim (p\{x,v) £ AqoF I 

1 t—>±oo J 

^ (AooT X AooF \ A) X M 

where ^t{x, v) = v), (x, v)) and A ;= {(x, x) | x G AooF}. 

2.2. Margulis spacetimes. Let F be a non-abelian free group with finitely 
many generators n and let A be the affine three space whose underlying 
vector space is given by Now we consider an injective homomorphism p 
of F into the affine linear group AfF(A) = GL(M^) x that is, 

p:T —^ GL(M3) X 

7 '—^ (Lp(7),Up(7)). 

We respectively call Lp the linear part of p and Up the translation part of p. 

In [35] and [36|, Margulis had shown that there exists p such that /?(F) acts 
freely and properly on the affine space A with Lp(r) being discrete. In such 
a case we call the quotient manifold Mp ;= p(r)\A a Margulis spacetime. 

If p is an injective homomorphism of F into GL(M^) x giving rise to 
a Margulis spacetime then using a result proved by Fried-Goldman in [21] 
it follows that a conjugate of Lp(r) is a subgroup of S0'^(2,1). Therefore 
without loss of generality we can denote a Margulis spacetime by a conjugacy 
class of homomorphisms 

p:T —^ G := SO°(2,l) x 

In this paper we will only consider Margulis spacetimes [p] such that Lp(r) 
contains no parabolic elements. 

Let Mp := p{r)\h. be a Margulis spacetime such that Lp(r) contains no 
parabolic elements. Then the action of Lp(F) on El is Schottky [T8|. Hence 
LIlp •= Lp(r)\EI is a non-compact surface with no cusps. 

Now let us denote the tangent bundle of Mp by TMp. We note that TMp 
carries a Lorentzian metric (|) as Lp(r) C S0^(2,1). Moreover, we consider 
the following subspace 

UMp:={(A,x)GTMp| (u | x)x = 1}. 

We note that 

UMp^p(F)\UA 

where UA := A x S^. Let us denote the induced flow on UMp coming from 
the geodesic flow on TA by <I>. Note that for any real number t, 

(2.2.1) : TA —> TA 

(A, x) I—> {X + tv,v). 

Now let UrecMp be the space of all non-wandering points of the flow on 
UMp and also let Ufg(,A be the lift of UrecMp into the space UA. Moreover, 
we denote the lift of UrecL^Lp in UEI by U^’g^.H. 
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Theorem 2.2.1. [Goldman-Labourie-Margulis](see [25]) Let p be an injective 
homomomorphism of L into G which gives rise to a Margulis spacetime and 
let Lp(r) contain no parabolic elements. Then there exists a positive Holder 
continuous function 

fp : ^ M 

and a map 

Np : ^ A 

such that for all 7 G T, <7 G Ufgj.EI and t G M we have 

1- /poLp(7) = /p, 

2. Np o Lp( 7 ) = p(7)iVp, 

3. Np{^tg) = Np{g) + fp{<j)s{g))ds^ u{g). 

The map Np is called a neutralised section. Moreover, the following result 
was proved in |24j by Goldman-Labourie: 

Theorem 2.2.2. [Goldman-Labourie] Let p be an injective homomomor¬ 
phism of T into G which gives rise to a Margulis spacetime and let Lp(r) 
contains no parabolic elements. Also let Np := [Np,v) where Np is a neu¬ 
tralised section. Then there exists an injective map Np such that the follow¬ 
ing diagram commutes, 


UfecH UA 



UrecSL, UMp. 


Moreover, Np gives an orbit equivalent Holder homeomorphism between 

UrecL^Lp nnd Uj-ecMp. 

We note that, if p is an injective homomorphism of T into G then Lp is 
an injective homomorphism of T into S0*^(2, 1 ) and Up satisfies the cocycle 
identity, that is, for all 71,72 G T 

Up(7i-72) = Lp(7i)up(72) -hup(7i). 

Let us denote the space of all injective homomorphisms from the group T 
into a Lie group G by Hom(r, G) and the space of cocycles by Z^(Lp(r), M^). 
We denote the space of all homomorphisms p in Hom(r, G) such that p(r) 
acts freely and properly on A and Lp(r) is discrete containing no parabolic 
elements by HomM(r, G). We note that any homomorphism p in HomM(r, G) 
gives rise to a Margulis spacetime 

Mp:=p(r)\A. 

Let us denote the space of all g in Hom(r, SO*^(2,1)) such that £)(r) is 
Schottky by Homs(r, SO°(2,1)). We note that Homs(r, SO'^(2,1)) is an 
analytic manifold and for any g in Homg(r, SO®( 2 , 1 )) the tangent space 
TpHomg(r, SO°(2,1)) of Homg(r, SO°(2,1)) at the point g can be identified 
with Z^(^(r),M^) and HomM(r,G) can be identified with a subset of the 
tangent bundle THomg(r, S0°(2,1)). Moreover, the following map 

(2.2.2) L : HomM(r, G) —^ Homs(r, SO°(2,1)) 
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is surjective [IB]. 

Lemma 2.2.3. The space HomM(r,G) is an analytic manifold. 

Proof. We know that the space Homs(r, SO*^(2,1)) is an analytic manifold. 
Hence the tangent bundle THoms(r, SO^(2,1)) is also an analytic manifold. 
Now from page number 1053 of [25] we get that the set of all p in HomM(r, G) 
with hxed linear part g is an open convex cone in TgHoms(r, SO®( 2 , 1 )). 
Therefore, we conclude that HomM(r, G) is an analytic manifold. □ 


Let p : r —)• G be a homomomorphism such that the action of Lp(r) on 
H is Schottky. We dehne the Margulis invariant of an element 7 in T for a 
given homomorphism p as follows: if 7 = e then 

ap{e) := 0 , 

otherwise 

«p(7) := (up(7) I (7“,7^)> 

where Up( 7 ) := u(p( 7 )) and Vp (7“, 7+) := u((Lp( 7 ))~, (Lp( 7 ))+). We note 
that for any 7 in T, upto scaling Up( 7 ~, 7 ''') is the unique eigen vector of 
Lp( 7 ) with eigenvalue 1. Moreover, for any 7 in T the element ^( 7 ) fixes 
a unique affine line Zp(..y) in A and Zp(.y) is parallel to the line generated by 
Up ( 7 ~, 7 ''')- Now if we consider the image of Ipp^-^ in Mp then it is a closed 
loop and its length is ap( 7 ). (For more details see [T], [T 8 |, [36]1. 


In [35] and |36| Margulis had shown the following result. 

Lemma 2.2.4. [Opposite sign lemma] If p : T —)> G is a homomomorphism 
giving rise to a Margulis spacetime, then 

1 . either ap{'y) > 0 for all 7 G T, 

2 . or ap( 7 ) < 0 for all 7 G T. 

In |25) . Goldman-Labourie-Margulis had generalised the previous result 
and proved the following: 


Theorem 2.2.5. [Goldman-Labourie-Margulis] Let p : T —)• G be a homo¬ 
morphism with linear part qq and translation part u. Let p be such that 
the action of po(F) on El is Schottky. Also let Cb(Spp) be the space of cf- 
invariant Borel probability measures on USpg and Cper(Spp) C Cb(Spi 3 ) be 
the subspace consisting of measures supported on periodic orbits. Then the 
following holds: 

1. The map 


Cper(LIpQ) 




«p(7) 

^ 0 ( 7 )’ 


where is the length of the corresponding closed geodesic of Spp, 

extends to a continuous map 


Cb(S 


Po) 




Tp(p). 
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2. Moreover, the representation p acts properly on A if and only if 
Tp{p) / 0 for all p £ Cb(S£,o)- 

We note that the generalization of the normalized Margulis invariant as 
stated above was given by Labourie in j32| . 

Moreover, in j26| (see also [23] 1 Goldman-Margulis showed: 

Theorem 2.2.6. [Goldman-Margulis] Let {^t} C Homs(r, SO‘’(2,1)) be a 
smooth path. Also, let p £ HomM(r, G) be such that whose linear part is qq 
and translation part is ^o- Then for all 7 £ T we have 

= oipil) 

t=0 

where igtil) is the length of the closed geodesic of corresponding to 
Qtil) G gt(r) and ^0 := 

2.3. Gromov geodesic flow. Let L be a non-abelian free group with 
finitely many generators. Let us denote the Gromov boundary of T by dooT 
and let 


A 

dt 


door(2) := dooT X dooT \{{x,x)\x£ dooT}. 

We note that there exists a natural action of T on dooT. The natural action 
of T on dooT extends to a diagonal action of T on dooTi^i. Now let 

|j]]f := dooTi^) X M. 

We note that M acts on UqT as translation on the last component. We 
denote this M action by ijjt, that is, 

Mx,y,s) := {x,y,s + t) 

where x, y £ dooT and s, t £ M. Now using Gromov’s results from m we get 
that there exists a proper cocompact action of T on UqT which commutes 
with the the flow {V’tjtgM and the restriction of this action on dooTi^i is the 
diagonal action. Moreover, from m we also get that there exists a metric 
on UqT well defined up to Holder equivalence such that the following holds: 

1 . the T action is isometric, 

2 . every orbit of the flow {V’ijteR gives a quasi-isometric embedding, 

3. the flow tl^t acts by Lipschitz homeomorphisms. 

The flow ipt on UqT gives rise to a flow on the quotient 

UoT := r\ (door(2) X m) . 

We call it the Gromov geodesic flow. We denote the projection onto the first 
coordinate of UqT by tti and the projection onto the second coordinate of 
UqT by 7 r 2 . More details about this construction can be found in Ghampetier 
m and Mineyev m- 
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3. Anosov representations 


In this section we will define the notion of an Anosov representation in the 
context of the non-semisimple Lie group G := S0*^(2,1) >< The notion of 
an Anosov representation of a discrete group in a transformation group G 
was first introduced by Labourie in [33] . Later, Guichard-Wienhard studied 
Anosov representations into semisimple Lie groups in more details in [28]. 
Recently in [^ Bridgeman-Canary-Labourie-Sambarino introduced the ge¬ 
odesic flow of an Anosov representation and the thermodynamical formalism 
in this picture, again in the context of G being a semisimple group. In |22|, I 
had studied special cases and new examples of Anosov representations when 
G is non-semisimple. The definition given here is equivalent to the definition 
appearing in [2^ . 

Let us denote the space of all affine null planes by X where an affine null 
plane is an affine plane parallel to any tangent plane of the light cone. We 
observe that the action of G on X is transitive. Hence for all P G X we have 

X^ G/StabG(P). 

Definition 3.0.1. [Pseudo-parabolic group] For any P G X we call StabG(P) 
a pseudo-parabolic subgroup of G. 

Let us denote the vector space underlying a null plane P by V(P). We 
recall the following proposition from subsection 4.1 of [22] 

Proposition 3.0.2. The unique open G orbit for the diagonal action of G on 
the space X x X is, 

J\f := {(Pi,P2) I Pi,P2 G X,V(Pi) / V(P2)}. 

Let N be the space of oriented space like affine lines. We think of N as 
the space DA/ ~ where (A, u) ~ (Ai,ui) if and only if (Ai,ui) = $t(A, u) 
for some f G M. We denote the equivalence class of {X,v) by [(A,!;)]. We 
recall from subsection 4.1 of |22| that 


Let Px,wi,w 2 be the plane passing through a point X with the underlying 
vector space generated by the vectors wi and W 2 - Now let us denote the 
vectors (1,0,0)^ (0, —1,1)* and (0,1,1)* respectively by uq, Vq and We 
consider the following two subgroups of G 


(3.0.1) 


:= StabG 


P + 


and let L = P+ n P“. We note that L = StabG([P^], [P~]) for t he diagonal 
action of G on G/P”*" x G/P~. Moreover, using proposition 3.0.2 we get that 
the G orbit of the point ([P^], [P~]) G G/P+ x G/P~ is the unique open G 
orbit in G/P+ x G/P^. 

We denote the G orbit of the point ([P^],[P~]) G G/P+ x G/P~ by 
G.([P^], [P~]). If we consider the diagonal action of the group G on the 
space G.([P^], [P^]) then the action is transitive and as L is the stabilizer of 
the point ([P^j, [P^]) we can identify 

G/L-G.([P+],[P-]). 
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Moreover, the pair G/P^ gives a continuous set of foliations on the space 
G/L whose tangential distributions satisfy 

T(G/L) = E+©E-. 

We denote the Lie algebras associated to the Lie groups G, and L 
respectively by 0 ,p^ and 1. We notice that as 

dim(p^) = dim(p“) = 4 

and 

dim([) = 2 

we have 

(3.0.2) 0 = p^ + p“ and [ = p’^np^. 


If we complexify, we obtain the Lie algebras p^ and Ic, so that the same 
equation |3.0.2 is satisfied, that is, 

(3.0.3) gc=Pc+Pc [c = Pcnpc. 


Now as SO°(2,1) is a subgroup of GL(]R^) we get 

Gc = SO(3,C) K 


We call a complex plane P degenerate if and only if there exists a non 
zero vector (ui,U 2 ,U 3 )* G P such that for all {v[,V 2 ,v'^Y £ P we have 

viv'i + V2V2 + U3U3 = 0. 

Let us denote the space of all complex degenerate planes by Yc. The group 
SO(3,C) acts transitively on the space Yc. Moreover, the action of the 
group SO(3,C) is transitive on the following space: 

Yg) := {(Pi, P 2 ) G Yc X Yc I Pi ^ P 2 }. 

Now let Xc be the space of all affine degenerate planes in C^. We consider 
the following open subspace: 

Me ■= {(Pl,P 2 ) G Xc X Xc I V(Pi) ^ V(P 2 )} 

(' 2 ') 

and using the fact that SO(3, C) acts transitively on the space Y^ , we 
deduce that the action of the group Gc = SO(3, C) x on the space Me is 
transitive. Moreover, we fix (Pi,P 2 ) G Me and observe that 

Lc = StabGj,(Pi, P 2 ) 

where Lc denote the complexification of the group L. Hence 


Gc/Lc — Me- 


Now using equation 3.0.3 we get that Gc/Lc is foliated by two foliations. 
These foliations are respectively stabilized by P^. Let us denote the tan¬ 
gential distributions corresponding to the foliations Gc/Pc respectively by 

I± 

-c- 


E^. We observe that 


T(Gc/Lc) = E+©Ec. 

Now let E be a vector bundle over a compact topological space. Also equip 
the total space of the bundle E with a flow {(/JijtgR which are bundle auto¬ 
morphisms. 
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Definition 3.0.3. We say that the bundle E is contractedhy the flow as t —>■ oo 
if for any metric ||.|| on E, there exists to > 0, ^4 > 0 and c > 0 such that for 
all u G E and for all t > to we have 

||^t(u)KGle-‘=*||u||. 


Definition 3.0.4. We say that p in Hom(r,G) (respectively Hom(r,Gc)) is 
partial (G, P=*=)-Anosov (respectively partial (Gc, P^)-Anosov) if there exist 
two continuous maps 

; SooT —^ G/P=^ (respectively Gc/P^) 

such that the following conditions hold: 

1 . for all 7 G r we have o 7 = 

2. for all x,y G ^ooT if x / y then (x), (y)) G G/L (respectively 

Gc/Lc), 

3. The induced bundle H+ := (^+ o 7 ri)*E+ (respectively (^+ o 7 ri)*E^) 
gets contracted by the lift of the flow as t —>■ 00 , and the induced 
bundle E~ := (^“o 7 r 2 )*E~ (respectively (^“o 7 r 2 )*E^) gets contracted 
by the lift of the flow fit as t ^ — 00 . 

Moreover, if the following condition holds then we say p in Hom(r,G) is 
(G, P±)-Anosov : 

4 Let B over UqT be the quotient bundle of the bundle 

{{{x,y,t),z) I {x,y,t) G x M, 2; G 

over X M under the diagonal action of T. There exists a Holder 

section a of the bundle B over UqT such that 

(V^u I uo (^+,^-)) > 0 

where Vpa{x, y, to) := ^\t=oa{x, y, to + t). 

We call the limit maps associated with the partial (G, P^)-Anosov 
(respectively partial (Gc, P£)-Anosov) representation p. 

Proposition 3.0.5. If p is in HomM(r, G) then p is (G, P^)-Anosov. 


Proof. Let {X, v) G UA. Let be the plane which is perpendicular to 
the vector v in the Lorentzian metric. We note that PC is a disjoint 
union of two half lines where C is the upper half of S^\{0}. We choose 
G u-*- n C such that (u+, u, v~) gives the same orientation as (U(|, uq, Ufj"). 
Let Px,v,v± respectively be the affine null plane passing through X such 
that its underlying vector space is generated by v and v^. We notice that 
Px,v,v+ 7^ Px,v,v-- Now using proposition 
9(x,v) £ G such that 


3.0.2 


we get that there exists 


9(X,v)-Po,vo,v+ — ^X,v,v 


= Py 


and 


9{X,v)-Po,vo,v~ Px,v,v- 


Moreover, if yi G G such that 


9^-Po,vQ,vf ~ Px,v,v^ 
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then ^ ■g(x,v) stabilizes the plane Pqvq v+- Hence g^ ^■g(x,v) £ There¬ 

fore the following is a well defined map: 

r/+ : UA ^ G/P+ 

(X,v)^[g^x,v)-P^]- 

We notice that is G-equivariant. Similarly, we define another G-equivariant 
map 

r/- : UA ^ C/p- 
(X,v) I—> 

Also for all {X, v) G UA we see that 

{g+,g-){X,v) = (b(x,i,)-P+], [g{x,v)P^]) = 5(x,,;)-([P^], [P"])- 
Hence (ry+,ry“)(UA) C G/L. 

Let p G HomM(r, G). Hence Lp G Homs(r, S0°(2,1)). Now T being a free 
group we get that there exists a T-equivariant homeomorphism 

ip : SooT ^ AooLp(r). 

We define 

^^lufecA 

and observe that for any [^-P^] G G/P+ we have 

(^p)"^ (b-P+]) = {g.O + tL{g)vo + siL{g)v'^,L{g)vo 

+ S2L(5()r;(]') | f, si, S2 G M} n U^’g<,A. 

Now using proposition 3.2.6 of [22] we notice that the maps o Np gives 
rise to a pair of T-equivariant continuous maps 

Cp± : AooLp(r) ^ G/P±. 

Therefore the following map, 

Cp := Cp^ o ^P : SooT ^ G/P± 

is also continuous and T-equivariant. Moreover, as (i?^, i?p )(Ufgj,A) C G/L 
we get that if x,y G SooT with x ^ y then {x), {y)) G G/L. We also 

observe that 


T[p.p±]G/P = M(0, L{g)v ^) © R{L{g)v^,0). 


Now using proposition 3.3.1 of 
p is (G, P^)-Anosov . 


and and Theorem |2. 2.1 we conclude that 

□ 


4. Deformation theory 

4.1. Analyticity of limit maps. In this section we will show that the 
limit maps vary analytically over the analytic manifold HomM(r,G). The 
proofs given in this section are similar to some of the proofs given in the 
section 6 of [9] the only difference being that in our case the group G is not 
semi-simple. 
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Theorem 4.1.1. Let {pu}u&v T Hom(r, G) be a real analytic family of injec¬ 
tive homomorphisms parameterized by an open disk D around 0. Also let po 
be a partial (G, P^)-Anosov representation (where G is the non-semisimple 
Lie group SO°(2,1) >< and are pseudo-parabolic subgroups of G as 
mentioned in equation 3.0.1) with limit maps 

: SooL ^ G/P±. 

Then there exists an open disk Dq containing 0, T)q <Z T>^ & positive real 
number p and a pair of continuous maps 

t:VoX dooT G/P± 


such that the following conditions hold: 

1 . for all X £ d^oT we have ^^(0,x) = C^(x), 

2 . the representation pu is partial (G, P^)-Anosov for all u £Vq and the 
corresponding limit maps denoted by 

: d^T G/P± 

X I—> 

are //-Holder continuous, 

3. for all X £ dooT the following maps are real analytic 

: Po ^ G/P± 
u I—> 

4. the following maps are //-Holder continuous 

:9oor^C‘"(Po,G/P±) 

X '— 

where C^{T>q,G/P^) is the space of all real analytic functions from 
Vo to G/P±. 

5. the following maps are real analytic 

^±:Po^c^(aoor,G/p±) 

where C^(9oor, G/P^) is the space of all //-Holder continuous maps 
from SooT to G/P=*=. 


We note that Theorem 
general result. 


|4.1.1 will be proved using the following 


more 


Theorem 4.1.2. Let {pu}u&v^ GL Hom(r, Gc) be a complex analytic family of 
injective homomorphisms parameterized by an open disk V^ around 0. Also 
let Po be a partial (Gc, Pc)-Anosov representation (where Gc = SO(3,C) >< 
C^) with limit maps 

: SooT ^ Gc/P^. 

Then there exists an open disk Vq containing 0, Hq C a positive real 
number // and a pair of continuous maps 

dooT Gc/P^ 

such that the following conditions hold: 
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1. for all X G SooT we have ^^(0,x) = C^(x), 

2. the representation pu is partial (Gc,Pc) -Anosov for all u G Dq and 
the corresponding limit maps denoted by 

: d^r Gc/P^ 

X I—> ^^{u,x), 

are //-Holder continuous, 

3. for all X G c^ooP the following maps are real analytic 

Gc/P^ 

u I—^=^( 16 , x), 

4. the following maps are //-Holder continuous 

ef :5oor^C‘"(pC Gc/P±) 

where C‘^('Dg , Gc/P^) is the space of all complex analytic functions 
from Vq to Gc/P^- 

5. the following maps are complex analytic 

^±:pC^C^(5^r,Gc/P^) 

it 

where C^{doo^, Gc/P^) is the space of all //-Holder continuous maps 
from SooP to Gc/Pc- 

Proof. Let {pufu^V^ ^ Hom(P, Gc) be a complex analytic family of injective 
homomorphisms such that /?o is partial (Gc, P^)-Anosov. Now we consider 
the trivial Gc/Pc'bundle over x UoP as follows: 

TT : i := X X Gc/Pj —> x U^. 

Furthermore, we consider the following action of P on A 

[g]) = {u,-f{x), [pu{l)g]) 

where 7 G P. We notice that the quotient bundle A := P\A is a Lipschitz 
transversely complex analytic Gc/Pc-buRclle over x LIqP (see definition 
6.3 and definition 6.4 of [9] for a definition of transverse analyticity). 

Let us denote the geodesic flow on A which is a lift of the geodesic flow 
{4>t}t£R on UoP by {§i}tgR. Moreover, we choose a geodesic flow {4't}ieR 
on A which is a lift of the geodesic flow {V’tjteK on UqP. We note that the 
flow acts trivially on the Gc/Pjt and 'D'^ components. 

Now as pq is partial (Gc, P^)-Anosov with limit maps 

^0^ : SooP ^ Gc/P^, 

the following map uq defines a P-equivariant section of the restriction of the 
bundle A over {0} x UqP, 

do : {0} X UqP — )• A 

(0, (x, y, t)) I—(0, (x, y, t),it (x))- 
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Therefore the section ao gives rise to a section cjo of A over {0} x UqT. 

Since po is partial (Gc, P^)-Anosov, the bundle over {0} x UqT with 
fiber Tg.g(Q^^) 7 r“^( 0 , T) gets contracted by the lift of the geodesic flow as 
t goes to oo. Hence there exists a real number to such that for all X in UqT 
we have 




0 ij/ 


to 


ao( 0 ,X) 


< 1 


where 




ffo(OT) 


: 


(To(o,x)'^ (0, X) —)■ (0,V’toX) 


is the fiberwise map of the bundle automorphism induced by 'ipto or in short 
“lift of V'to”- Now using theorem 6.5 of [9] we get that there exists an open 
disk Df containing 0, C a positive real number p, and a /r-Holder 
transversely complex analytic section (see definition 6.3 and definition 6.4 
of [HI for a definition of transverse analyticity) 

a:Vf xUoT 


such that the following holds: 

'^l{o}xUor = <^0, 

2 . ^to{(^{u,.)) = 

3. for all X G Uor and u G Vf we have 




toxj/ 


to 


t(u,X) 


< 1 . 


Now using theorem 6.5 (4) of [9] we deduce that for all real number t 


^t(o-(u ,.)) = a(u,7/;t(.)). 

Therefore we get that there exists an open disk containing 0, Pf C 'D'^, a 
positive real number p, and a ^-Holder transversely complex analytic section 
a of the bundle A such that 

^l{o}xUor = '^0) 

2. for alH G M we have 4't((T(ri,.)) = 

3. Tt is contracting along a as t goes to oo. 

Now we can lift the section a to get a section a as follows: 

d:T>fxU^^i = T'fxlJ^x Gc/P^t. 

Let vTs be the projection of T>f x UqT x Gc/PJ onto Gc/P^. Therefore we 
get a map 

r/ := 713 o d : Pf X UoL Gc/P^- 

Since .)) = a{u, ipti-)) for all t G M we get that the map p is invariant 

under the flow Hence the expression p{u, {x,y,t)) is independent 

of the variable t. 

Now let 7 G T be an element of infinite order with period t-y i.e. 

7(7“,7“^,0) = (7“,7+,f.y). 

We notice that as 7 /^( 7 “, 7 +, f) is independent of the variable t, we have 
7 “”??n( 7 ", 7 '^> 0 ) = r/„( 7 ", 7 +, -nt^) = r/„( 7 ", 7 +, 0 ) 
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and hence 7 "'',0) is a fixed point of 7 “^. We claim that it is an 

attracting fixed point. Indeed, as is contracting as t goes to 00 and as 
||.|| is F-equivariant we have for all X in q^Gc/PJ that 

= IIXI 


W| 






»?i*(7“.7+.0)- 


Hence for m large enough the operator norm || 7 ~™^|| < 1 and we have that 
there exists a ball B(i{r]u{'y~,'y~^ , 0 ), ko) of radius ko around i?n( 7 ~, 7 "'', 0 ) for 
some metric d on Gc/Pj such that 7 “”^ is contracting on the ball. Hence 
7 “^ is also contracting on the ball. We call the ball Bii{r]u{'y~,0), ko) a 
basin of convergence for the action of 7 “^ around 7 ^( 7 “, 7 ''', 0). Therefore 
in particular for any sequence {pnjnsN in ^d{du{'y~,'y~^,0), ko) we have that 

lim (i(? 7 „( 7 “, 7 +, 0 ), 7 “>n) = 0 . 

n^oo 

Moreover, for any T-invariant metric c) on UqT and given any z G SooP there 
exists tz such that 

lim ,0),M'y~, z,tz)) = 0 . 

t^—oo 

Hence 

0 = lim t)(( 7 “, 7 +,-nt^), ( 7 “,z,t 2 - nt^)) 

n^oo 

= lim c)( 7 “’'( 7 ", 7 +, 0 ), ( 7 ",z,t;j - nt^)) 

n^oo 

= lim t)(( 7 “, 7 +, 0 ), 7 ''( 7 ",z,t 2 - nt^)). 

n^oo 

Therefore if we take pn = hu( 7 *^( 7 ”, -z, tz — nt^)) then the sequence is even¬ 
tually in Brf(77„(7“, 7 +, 0),/co) and we get that 

0 = lim (i( 7 „( 7 “, 7 +, 0 ), 7 “'' 77 „( 7 ’'( 7 ",z,t^ - n^))) 

n^oo 

= lim d{r]ui 7 ~,'y^, 0 ),'nui 7 ~,z,tz-nt^)). 

n^oo 

Now as r]{u, {x, y, t)) is independent of t we get that 

0 = lim d(? 7 ^,( 7 ", 7 +, 0 ),? 7 „( 7 ",z, 0 )) 

and hence 7 ^( 7 ”, 7 ^, 0 ) = 7 ^( 7 ”, ^,0). Moreover, as the fixed points of 
infinite order elements are dense in SooP we conclude that p{u, {x,y,t)) is 
independent of the variable y. Therefore there exists a F-equivariant Holder 
transversely complex analytic map 

C+ : Pf X 9ooF ^ Gc/Pj 

such that for all x G 9ooP we have ^^( 0 ,x) = Co'(3^)- 

In a similar way we get that there exists an open disk T >2 containing 0, 
1^2 P’'*" such that there exists a F-equivariant Holder transversely complex 

analytic map 

r -1^2 X door Gc/Pc 
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such that for all x G SooT we have ^ (0, x) = (x). 

Moreover, we recall that A/c is open in Xc x Xc and we know that 

Gc/Lc — A/c- 

Hence Gc/Lc is an open subset of Gc/Pc Gc/P^- Now as 

(eo^,4")(5oor(2)) C Gc/Lc, 

we get that there exists an open disk Pg containing 0, T>q C T>i H T >2 such 
that 

(e+,r)(/Pox5oor(2))c Gc/Lc- 

Therefore we have proved properties (1), (2), (3) and (4). Now using lemma 
6.8 of |9] we get property (5). □ 


Proof of Theorem 4-1-1 > Let {pu}u£V C Hom(r, G) be a real analytic family 


of injective homomorphisms parametrized by a real open disk 2? such that 
po is partial (G, P^)-Anosov. We note that if a representation p is partial 
(G, P^)-Anosov then it is also partial (Gc, P^j-Anosov. Hence po is partial 
(Gc, P^)-Anosov. Furthermore, we can choose a real open disk contain¬ 
ing 0, 2?3 C T) such that its complexification Pg parametrizes a family of 
representations {pu}u&v*^ Hom(r, Gc)- 

! we get that there exists an open disc Pgg contain- 


4.1.2 


Now using theorem 

0, Pgg C Pg und u F-equiVariant Holder transversely complex analytic 


ing U, ^gg 

map 


: pCg X SooF ^ Gc/Pj 
such that for all x G SooL we have 

e+(o,x) = ej(x). 


We claim that there exists an open disk Pqi C Pqo, containing 0, such that 

X 5ooF) c G/P+. 

Indeed, to begin with we notice that x cIooF) C G/P+. Now using 

theorem 6.5 (4) of [9] we get that there exists an open disk P 4 C Pgg, 
containing 0, and a neighborhood B of x cIooF) such that the limit 

map is unique in B. Let i be the anti-holomorphic involution on Gc/Pc- 
As i is continuous and i o = Co" we obtain that there exists an open disk 
P 5 C Pgg, containing 0, such that 

xoi+{V^ X SooF) C B. 


We define 

pc ;= pC p pC 

and by local uniqueness of the limit map we notice that for all u G Pg^ the 
following holds: 

i o £+ = £+ 

Now for all u G Pg^ satisfying i o we get that u = iu and hence we 

conclude that 

i o = f+. 

^ Sli • 

Similarly we can choose an open disk P 02 C Poo, containing 0, such that 


r(/P02 x 5 ooF) c G/p-. 
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Now using the fact that G/L is an open subset of G/P“ x G/P^ and the fact 
that the restrictions of complex analytic functions to real analytic submani¬ 
folds are real analytic we get that we can choose an open disk Vq C Poinl’02 
containing 0 such that the maps satishes all the properties required 

by Theorem |4.1.1[ □ 


4.2. Analyticity of reparametrizations. Let UqT be the Gromov ge¬ 
odesic flow of the free group T and let p be an element of HomM(r,G). 
Moreover, let := Lp(r)\BI and Mp := /9(r)\A. Now as T is a free group 
we have an orbit equivalent homeomorphism between UqT and UrecSL(p)- 
Moreover, the flow on UrecLlL(p) coming from the geodesic flow on USl(p) is 
a Holder reparametrization of the Gromov flow on UqT. Also from [2S] and 
|24j we know that there exists an orbit equivalent homeomorphism between 
UrecSL(p) and UrecMp such that the flow on UrecMp coming from the affine 
linear flow is a Holder reparametrization of the flow on UrecSL(p) coming 
from the geodesic flow on USl(p). Therefore there exists an orbit equivalent 
homeomorphism between UqT and UrecMp such that the affine linear flow 
on UrecMp is a Holder reparametrization of the Gromov flow. Hence for any 
p G HomM(r, G) we get a positive Holder continuous map 

fp ■ UqT —7- M 

which gives the reparametrization. We recall that positivity follows from 
lemma 3 of [23]. We further note that for all 7 G T we have 

/fp = Oi{p){-f). 

J7 

Proposition 4.2.1. Let {pu}u£V C HomM(r,G) be a real analytic family of 
injective homomorphisms parametrized by an open disk P around 0. Then 
there exists an open disk Di around 0, Pi C 22 and a real analytic family 

{ftt : UqT —)• 

of positive Holder continuous functions such that the function f„ is Livsic 
cohomologous to the function fp„ for all tt G Pi. 


Proof. We start by constructing the following line bundle: 

(4.2.1) B := {{{X,v),Px,.,.+ ,Px,v,v-) I {X,v) G UA} 

over G/L. Now using proposition 3.0.5 and theorem 4.1.1| we get that there 
exists a sub-disk Pq C P, containing 0, and //-Holder transversely real 
analytic maps, 

(4.2.2) (C+,r):^ox5oor(2)^G/L. 


Let us consider the the projection map, 

(4.2.3) vr : Po X ^ Po X ^ooT^^) 

(u, ix,y,t)) ^ {u, {x,y)) 


and note that the map )o7r is //-Holder transversely real analytic. We 

take the pullback of this map to dehne a /t-Holder transversely real analytic 
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bundle B := ) o tt)* B over Vq X Uor. The free group T acts on this 

bundle as follows: 

7 . (u, {x,y,t), 

:= {u,j.{x,y,t), {{pu{-f)X,Lp^^^)v) ,ai{x,y,t)),^uilix,y,t)))) 

We observe that the action of T gives rise to a quotient bundle r\S over 
X UqT. Let IT be a /r-Hblder transversely real analytic section of this 
bundle and let a be its lift onto Vq x UoT. Let {'i/’tjteR be the flow on Vq x UqT 
such that 'ijjt {u, {x, y, to)) := (u, {x, y,t + to)). Also let tti, 712 denote the map 
which sends {{X,v), Px^v,v+i Px,v,v-) to X and v respectively. We observe 
that for all real number t 

(4.2.4) cr(M, (x, y, to)) =TTia{u, (x, y, to)) 

+ kt{u, (x, y, to)) 7 r 2 d(w, (x, y, to)) 

where kt : T’o x UoL —)• M is a ^-Holder transversely real analytic function 
and for all real number t 

(4.2.5) Ti 2 ^la{u, (x, y, to)) = vr 2 ci(u, (x, y, to)). 

Let t-y be the period of the geodesic {( 7 ~, 7 ''',t) | t G M} fixed by 7 in L. 
We further notice that 

Lp^{"f)7T2d-{u, (7",7+,to)) = 7 r 2 d(R, 7 ( 7 ", 7 +,to)) 

= Tr2a{u, (7",7+,to + t^)) 

= 7r2a{u, (7“,7+,to)). 

We also recall that 7 r 2 a'( 0 , ( 7 ”, 7 "'', to)) = ( 7 ”, 7 "''). Therefore we deduce 

that 

(4.2.6) 7r2d(w, (7“,7+,to)) = ( 7 ",7^) • 

Furthermore, for all real number to and t we have, 

kt+t-,{u, ( 7 ", 7 +,to)) 7 r 2 d(u, ( 7 ", 7 +, to)) 

= {kt{u, (x, y, to)) + ap„( 7 )) 7 r 2 d(R, ( 7 ", 7 +, to)). 

Therefore we get that for all real number to 

(4.2.7) A: 4 +t^(M, (7“,7+,to)) = A:t(u, ( 7 “, 7 +, to)) + ap„( 7 ). 

We also note that for all real number t and t' we have 


kt+t' {u, (x, y, to))vr 2 iT(u, (x, y, to)) 

= kt{u, (x, y, to + t'))TT 2 a{u, (x, y, to + t')) 
+ kt'{u, (x,y,to))vr 2 ci(n, (x,y,to)). 


And using equation |4.2.5| we get that 

(4.2.8) kt+t'{u, (x,y,to)) = kt{u, (x,y,to + t')) + h'iu, (x,y,to)). 
Now we fix some real number r > 0 and define 


exp{ks{u, (x, y, to)))ds 
fo exp(ks(u, (x, y, to)))ds 


Mt(u, (x,y,to)) := log 
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Using equation 4.2.7| we get that 

(4.2.9) (7“,7+,to)) = (7“,7+,to)) +ap„(7)- 

Moreover, using equation |4.2.8| we get that 

(4.2.10) iit+t'iu, (x, y, to)) = ^t{u, {x, y, to + t')) + Hf'iu, {x, y, to))- 
Finally we define 


(4.2.11) 

We notice that 
d 


fu{x,y,to) ■■= ^ 


Sit{u, {x,y,to)). 


t=o 


dt 


d 


t=o 

dt 

a 


Mu, {x,y,to)) = ^ 


ft ex.-p{f^s{u,{x,y,to)))ds 

Jo ^^P(Mu,{x,y,to)))ds 


log 


t=o 


rr-\-t 


log / exp{ksiu,{x,y,to)))ds 


_ mL =0 Jo i^Mks+riu,ix,y,to))) -expjksju, {x,y,to)))) ds 
ff exp(ks(u, (x,y,to)))ds 
^ exp(kr(u, (x, y, tp))) - exp{ko{u, (x, y, tp))) 

ffexp(ks(u,(x,y,to)))ds 

Therefore fu{x,y,to) is also ^-Holder transeversely real analytic. Moreover, 
using equation |4.2.10| one gets 


dt 


Mu, ix,y,to)) = 


t=o 


d^ 

Ft 


Mu, (x,y, 0 )). 


t=to 


Hence we have 

(4.2.12) / /„( 7 -, 7 +,s)ds = / — 


'0 


10 


Mu,{l ,7'^,0))fis 


t=S 


= MF,{i ,7'^,0)) - J?o(^i, (7 ,7^,0)) 

= OipuF)- 


Therefore if tt G T>o then 


f fu — f fp„ 

J 'y J 'y 


for all 7 G r. Now using theorem 3.3 of [9] (originally proved by Livsic 
in [3l|) we deduce that fu is Livsic cohomologous to the positive Holder 
function fp^ for all u £ 'Dp. Therefore for any flow invariant measure m on 
UqT we have 


J fudm = J fp„dm > 0 . 


Now using lemma A.l and lemma A.2 of |24) and transverse analyticity of 
fu we derive that there exists a neighborhood Vi C Vp and there exists a 
real number T > 0 such that for all u G Pi 

1 F 

ff{x, y, tp) ■■= - fu{x, y, tp + s)ds > 0. 

Now we finish our proof by considering the collection 

M := /J I u G Pi} 
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and noticing that it satisfies all the required properties. 


□ 


4.3. Deformation of the cross ratio. In this section we obtain a formula 
for the variation of the cross ratio which is similar in taste to the theorem 
|2.2.6[ We start by stating an alternative version of the proposition 10.4 from 

m- 


Proposition 4.3.1. [Bridgeman, Canary, Labourie, Sambarino] Let g be an 
element of Homs(r, SO°(2,1)). Then 

lim (4(7”??”) - 4 ( 7 ’") - = logb^(77“,7“,7+,r/+) 

n^oo 

where 4 ( 7 ) is the length of the closed geodesic corresponding to g(j). 


Lemma 4.3.2. Let {pt} be a smooth path in HomM(r, G). Then the following 
holds 


lim 

n —^00 at 


t=o 


((7V)-,(7V)+)= ^ 


t=o 


'pt 


(7 ,7’^) 


Moreover, the rate of convergence is exponential. 


Proof. As {pt} is a path in HomM(r,G) we can consider it as a path in 
{Pu}u&v, a complex analytic family in Hom(r, Gc) parametrized by a com¬ 
plex disk T? around 0. Using theorem 4.1.2 we get that the limit maps 
and are /i-Holder transversely complex analytic. Hence 


{C {(7">;”)-)}„a 

is a sequence of complex analytic maps converging to ( 7 “) on P. More¬ 
over, as ( 7 ”r/”)“ converges to t]~ at an exponential rate and the limit map 
is /U-Holder we get that the rate of convergence is exponential. Now as 


{U {(7V)-)}„a 

is a sequence of complex analytic functions on P converging exponentially 
to {r}~), using Cauchy’s integral formula we get that the derivative of the 
sequence is also converging exponentially to the derivative of Now 

restricting the limit maps on the real part we get that 


lim 

n—>-oo dt 


(( 7 ”-!”)-) = {J (V) 

i =0 t=0 

with the convergence rate being exponential. Similarly we get that 


{;. ( 7 *) 

t=o 

where the convergence rate is exponential. 

Let 7 r 2 be the projection from UA onto S^. We note that 7 r 2 gives rise to 
a projection map 

712 : G/L^S^ 

We conclude our proof by recalling from equation |4.2.6| that 
Up ( 7 ", 7’^) = ^2o(^p,^p} ( 7 ”, 7’^) • 


lim 

n-^oo at 


t=0 


7 ((7”>)”)*) = S 


□ 
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Proposition 4.3.3. Let {pt} be a smooth path in HomM(r, G). Also let Xpt(-y) 
be any point on the unique afhne line fixed by pt{'y) where 7 is in L. Then 
for all coprime 7 , r/ in T we have 


lim - ap,{-f^) - ap^{r]^)) 




^Pt {v ,1^) +’^pt )), 


A. 

dt 


t=o 


\^Pth) - ^Ptiv) I ^Pt {v , 7 ^) + t^Pt (7^,7 )) 


= lim — 

n^oo dt 


{apXl'^p^) - Op,( 7 ’") - ap,{p^)) 


t=o 


Proof. We begin the proof by mentioning that the first identity is a variation 
of an identity worked out by Charette-Drumm in page 12 of m In fact I 
use the same method used by them to compute both the identities. 

Let /p(p) be the unique affine line hxed by p{p) and let Vp (7”, 7''~)"'~ be the 
plane which is perpendicular to the unit vector Up (7“, 7^) in the Lorentzian 
metric. We note that u-*- n C is a disjoint union of two half lines where C 
is the upper half of S°\{0}. We choose G u-*- n C such that {v^,v,v~) 
gives the same orientation as {vq ,vo,Vq). We denote the affine plane which 
is parallel to the plane generated by v~ and iPp ( 7 ~, 7 '’') and which contains 
lp{'y) by ^p(^.yy As 7 and p are coprime we have that intersects in a 
unique point Qp. Also let R be the point on such that 

{R - Qp,z^p(7)) = 0 

where i'p{'p) := fp {'p~ We note that as Qp G lp(^p-^ we have 

Qp - piv^Qp = ap{v'")iPp{p) 

and as R G Ipi^.y'^ we have 

pilTR -R = ap{'y^)up{'y). 



Now we observe that 

«p(7>") = {phrQp - Pivr^Qp I ^^p(7>")) 
= {piiTQp - p{iTR - {Qp - R) I 
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+ {{Qp - pivr^Qp) + {pi^TR - R) I up(7>")> 

= (M7r-I) (Qp - i?) I Up(7V)) 

+ («p(7'')j"p(7) + I z^p(7”7”))- 

We observe that the vector (Qp—R) is an eigenvector of Lp( 7 ) with eigenvalue 
Ap( 7 ) such that |Ap( 7 )| < 1. Therefore we get that 

«p(7>") = (Ap(7)" -l){Qp-R\ up(7>")) 

+ + ap{p'^)i^p{v) I Up(7”??’")). 

We recall that 


(j"p(7) I ^piv ,7’^)> = 1 = (Mv) I ^piv ,1^)) ■ 

Hence we get 

apij^p^) - ap(7”) - ap«) 

= (Ap(7r-l)(Qp-i2|up(7V)) 

+ ap(7”)(i/p(7) I Up(7”?/”) - '^p(7”,7'^)) 

+ ap(r/”)(up(?7) I Up(7>") - i"p(7“,7’^))- 

Now using the fact that Up(7”??"') converges exponentially to i^p{p~ 
while ap{'y'^) has polynomial growth and the fact that |Ap( 7 )| < 1 we obtain 

lim (ap(7V) - ap(7’") - ap{p"^)) = -{Qp - R \ Up(r?", 7 +)). 


Moreover, using lemma 4.3.2 and the fact that |Ap( 7 )| < 1 we deduce that 

(«P*(7V)-«p.(7")-«p*(r/")) 


lim 

n—>-oo at 


t=0 


A. 

dt 


{Qp, - R I Up,(r/ ,7+)). 


t=o 


Finally, we conclude by observing that 

{R-Qp\ Up(r/“,7+)) = (Xp,^^) -^p(p) I Mv~,l^) + i'piv"",l~)) 

where Xpf^j'^ G Ipf^^'^ and Wp(^) G lp(^p^ are any two points for 7 , r/ G F. □ 

Theorem 4.3.4. Let {gt} be a smooth path in Homs(F, SO*^(2,1)) snch that 
P ’■= (Po, Po) £ HomM(F, G) where go ■= 

(^p(-y) - -^p(v) I ^p(^“>7'^) + i^p(d^,7~)} 

d 


dt 


log bp, (t/ ,7 , 7 +,? 7 +) 


t=o 


where Xpf^y'^ is any point on the unique affine line fixed by p{'y) and Xp^^^'^ is 
any point on the unique affine line fixed by p{p). 


Proof. The result follows from using theorem |2.2.6t proposition 4.3.1, lemma 
4.3.2| and proposition |4.3.3[ □ 
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5. Properties of the pressure metric 

In this section we will introduce the pressure metric and prove its prop¬ 
erties in the context of Margulis Space Times. We note that subsection 
5.1 and 5.2 closely follows [9] and have been included here to make the ex¬ 
position complete. Moreover, we also mention that the study of pressure 
metric and thermodynamical formalism was originally developed by Bowen, 
Bowen-Ruelle, Parry-Pollicott, Pollicott and Ruelle in |5], 16], [T], HD, @2], 

m- 


5.1. The thermodynamic mapping. Let p G HomM(r,G) and let be 
the topological entropy of the reparametrized flow on UoP corresponding 
to the reparametrization fp. By theorem 1.0.1 of [22| we know that the 
geodesic flow on UrecMp is metric Anosov. Hence by using proposition 3.5 
of [9| (originally proved by Bowen [5| and Pollicott [l2|) we deduce that 
is finite and positive and moreover, 

hf, = 1 log I[7] G 0(r) \ 

where 0(r) is the set of closed orbits of UoP. We also recall that for all 
7 G P 

/ fp = «p(7)- 

J7 

Therefore we see that only depends on the Livsic cohomology class of fp. 
Hence we denote by hp and we get that 

(5.1.1) hp = ^1^ i log (# {[7] G 0(r) I ap(7) ^ T}) . 

Lemma 5.1.1. The following map is analytic: 

h : HomM(r, G) —M 
P'—>hp 

Proof. The result follows from proposition 3.12 of [9], proposition 
theorem 1.0.1 of |22|. □ 


4.2.1 and 


We recall that the Gromov flow if on the compact metric space UoP is 


Holder. Now using lemma 3.1 of [9| and proposition 4.2.1 we deduce that 
the pressure of the map — Lpfp is zero with respect to the Gromov flow if. 
Let us denote the space of all Livsic cohomology classes of pressure zero 
functions on UoP by ?^(Uor). 

Definition 5.1.2. We define the Thermodynamic mapping as follows, 

T: Hom(r,G) ^ ?^(Uor) 


p I—^ [-hpfp] 


Lemma 5.1.3. The map T is analytic. 


Proof. The result follows from proposition 4.2.1 and the fact that the entropy 
funtion is also analytic. □ 
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5.2. The pressure metric. Let I{f,g) be the intersection number of the 
two reparametrizations / and g. As our flow is metric Anosov, using theorem 
3.7 of |9] (originally proved by Bowen[5] and Pollicott|42]i and equation (7) 
of [9j we get that 




Pi ) ^P2 ) 


lim 


T^OO :^Rrp(pi) 


*^P2 ( 7 ) 


where Rt{pi) '■= {[ 7 ] G 0(r) | api( 7 ) ^ T}. And using proposition 3.12 of 
|9] and proposition 4.2.1 we notice that the map I is analytic. Let us define 

hn 


JpAp2) := I{pi,p2) 


''P2 


h 


Pi 


Proposition 5.2.1. The following statements are true: 

1 . for all pi,p 2 G HomM(r,G) we have Jp^{p 2 ) ^ 1, 

2. if pi, p 2 G HomM(r,G) and Jp^{p 2 ) = 1 then there exists a positive 
real number c such that for all 7 G L 


cotpAl) = «p2(7), 

3. if {pt}t&i C HomM(r,G) is a smooth path parametrized by an open 
interval I C M containing 0 then 


if and only if 


9t2 

A 

dt 


JpoiPt) — 0 


i=0 


t =0 


h "f 0 

^pt — ^ 


in Livsic cohomology. 


Proof. The result follows from propositions 3.8, 3.9 and 3.11 of [9]. We note 
that proposition 3.9 of [9] was originally proved by Parrv-Pollicott [4T] and 
Ruelle[43] and proposition 3.11 of [9] is a generalization of an earlier result 
due to Bonahon[3j. □ 

Definition 5.2.2. Let p G HomM(r,G) and let v,w ^ TpHomM(r, G). We 
define 

Pp{v,w) := DlJp{v,w). 

The map P is called the pressure form on HomM(r, G). 

Remark 5.2.3. We notice that by proposition |5.2.f] the pressure form P on 
HomM(r,G) is non-negative definite. 


5.3. Vectors with pressure norm zero. In this subsection we will de¬ 
scribe the zero vectors of the pressure norm. 


Proposition 5.3.1. Let {pt} be a smooth path in HomM(r, G) with = 

V. If Pp{v, u) = 0 and hp^ = 0 then for all 7 in T 

fL 

dt 


(^Ptil) = 0 - 


i=0 
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Proof. We start by using proposition 


5.2.1 


and notice that is 


Livsic cohomologous to zero. Hence for all closed orbits [7] G 0(r) we have 
that 

f d 


dt 


t=o 


dpjpt — 0- 


Now we observe that 


«=/t 

.J-y dt 


‘-Po 


t=0 


KJpt - I { dt 


dpt ) fpo I dpn ( I, 


t=0 


PO 


f, 


f d 

r , d 

f r , d 

4 ~dt 

■p — hi _ 

'pt — "-PO Jy 

t=0 

/ dt 

t=0 P 7 “ 


dt t=o 

«Pt(7)- 


pt 


t=o 


We conclude by recalling that the entropy hp^ is positive and hence our 
result follows. □ 

Lemma 5.3.2. If for all 7 G T we have ^ ap^ (7) = 0 then for all 7, r/ G T 
we have 

=0- 

t=o 

Proof. Using proposition 4.3.3 we get that 
d 


and also 


dt 

d^ 

dt 


t=o 


i^pth) ^pt(v) 


^Pt {v , 1 ^) +’^Pt )) = 0 


t=o 


\^Pth) - ^Ptiv) I ^Pt + z^pt (7 ,7 )) = 0. 


Now using identities 2.1.8[[O.10| and |2.1.12| we get that 
bpt i^pt +^pt ( 7 ",7")) 

= bpt (r?“,7“,7+,r/+) {iPp, (r/“,7+) + Up^ (r?+,7“)) 

= (1 - ^Pt [^Pt ( 7 ", 7 “^) +^Pt ■ 

Therefore we deduce that 

d 


dt 


t=o 


bpt (7^,7 ,1^,V ) = 0 


□ 


Proposition 5.3.3. Let {pt} be a smooth path in HomM(r, G) with = 


for all 7, p G r. 

3. Let {pt 

PO. If Ppo{po,po) = 0 and = 0 then 

[Po] = 0 

in Hpjj (r, 0) where 0 is the Lie algebra of the Lie group G and (L, 0) is 
the group cohomology. 

Proof. Using proposition 5.3. 1| and lemma 5.3.2| we get that 

bpt = 0 


A 

dt 


t=o 


for all 7, p G r. Now using the proof of lemma 10.8 of [9] we deduce that 

d 


dt 


■^pt 


t=o 


= 0 
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in HL^^(r,so(2,1)). Therefore without loss of generality we can take 




Lpt — gt^podt 

for some smooth path {gt} C S0’^(2, 1). Now again using proposition 
we get that for all 7 G T 

4 (upt(7) I (7“,7+)> = 0. 

t=o 

We notice that Up only depends on Lp. Hence 

~ 9t^po 

for all t and we obtain 

^ ^5rV(7) I ^po ( 7 ",7^)^ =0 

for all 7 G r. Now using theorem 1.2 of m we deduce that 

= 0 

in Hl (r,so(2, 1)). Hence it follows that 


5.3.1 


■ d 

-1 

dt 

9t np, 
t=o 


dt 


(hpt , Upj ) 


t=o 


= [po] = 0 


in (r, 0 ). 


□ 


5.4. Margulis multiverse. Let hp be the topological entropy related to a 
representation p G HomM(r,G). We recall from equation 5.1.1|that 


1 


hp = ^ 1 ^ ^ log (# {[7] G 0 (r) I ap(7) ^ T}). 


(5.4.1) 

Moreover, we also recall that the map 

(5.4.2) /i:HomM(r,G)— >M. 

P'—>hp 

is analytic. Now we define the constant entropy sections of HomM(r, G) for 
any positive real number k as follows: 

(5.4.3) HomM(r, G)^ := {p G HomM(r, G)\hp = k} . 

We note that if (p, u) is in HomM(r, SO'^(2,1) k M^) = HomM(r,G) then so 
is {q, cu) where c is some positive real number. 

Lemma 5.4.1. Let (p, u) be in HomM(r, SO^(2,1) k M^) then for any positive 
real number c we have 

h{p,cu) = “ ^(p,u) ■ 

Proof. Using the definition of the Margulis invariant we have that 

a(p,cn)( 7 ) = (cn( 7 ) I (7)) 

= c(u( 7 ) I Up ( 7 )) = ca(p,u)( 7 ) . 
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where ( 7 ) : = 

^(gjCu) 


Vq (7 , 7 ^). Now using equation 5.4.1 we get that 


(# {7 e r I a(g,cu)(7) ^T}) 

ilog(#{76r|a|,,.,h)<|}) 

I ^ ^ I «(P,n)(7) ^ T}) = ^ . 


□ 


Lemma 5.4.2. Let HomM(r, G)k be a constant entropy section for some real 
number k then HomM(r,G)fc is a codimension one analytic submanifold of 
HomM(r,G). 


Proof. We consider the analytic map h and using lemma 5.4.1 notice that 


dt 


h 


t=o 



h{Q,\i) 


dt 


(1 + t) / 0. 

t=o 


Hence Rk(D/i(g, u)) = 1- Now using the Implicit function theorem we conclude 
that HomM(r, G)k = h~^{k) is an analytic submanifold of HomM(r, G) with 
codimension 1 . □ 


Remark 5.4.3. The following map 

Ik ■■ HomM(r,G)i —^ HomM(r,G)fc 
{q,u.) I—> iu 

gives an analytic isomorphism between HomM(r,G)i and HomM(r,G)fc. 

Lemma 5.4.4. The space HomM(r, G) is analytically isomorphic to the space 
HomM(r, G)i X M. 

Proof. We define two analytic maps as follows 

f) : HomM(r, G) —^ HomM(r, G)i x M 
P = (£>,u) I—^ {{Q,hpn),hp) 

and 

f)' : HomM(r, G)i x M —> HomM(r, G) 

{{Q,u),r) I—> 

We conclude our result by observing that f)' o () = Id and f) o tj' = Id. □ 
Definition 5.4.5. We define the Margulis multiverse with entropy k to be 

Mk := HomM(r,G)A:/..^ 

where /c is a positive real number and pi ~ p 2 if pi is a conjugate of p 2 by 
some element of the group G = SO^( 2 , 1 ) x M^. 
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5.5. Riemannian metric on Margulis multiverse. In this section we 
finally prove that the pressure metric P restricted to the constant entropy 
sections of HomM(r, G) is Riemannian. 


Proof of Theorem \1.0.1\ We consider the definition 
the result follows from proposition |5.3.3| and lemma 


5.4.5 


5.4.2 


and observe that 

□ 


Proof of Theorem 1.0.2 , Let p = (Lp,Up) be a point in HomM(r, G) and for 
e > 0 let 

{Pt ■= (Lp,(l + t)up)}tg(_,^,) 

be a smooth path in HomM(r, G). We notice that if fo is a reparametrization 
coming from p then 

ft := (1 +t)fo 

is a reparametrization which comes from pt. We also notice that the entropy 

hn 


hnt = 

l + t 


Therefore we get 


Hence by proposition 


dt 


t=o 


hpJpt - 


hpfp = 0 . 


t=o 


5.2.1 


and [po] / 0 in (r, 0 ). Now using remark 


we get that P(po,/ 0 o) = 0 where po ■= m\t=oP>^ 

we conclude that P has 


5.2.3 


signature (dim(A4) — 1,0) over the moduli space A4. 


□ 
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